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Abstract. We study smooth maps between smooth manifolds with only fold 
points as their singularities, and clarify the obstructions to the existence of 
such a map in a given homotopy class for certain dimensions. The obstruc- 
tions are described in terms of characteristic classes, which arise as Postnikov 
invariants, and can be interpreted as primary and secondary obstructions to 
the elimination of certain singularities. We also discuss the relationship be- 
tween the existence problem of fold maps and that of vector fields of stabilized 
tangent bundles. 



1. Introduction 

In 1970 Mather posed the following question (see [37]): does any element of the 
homotopy group ir n (S p ), n > p, contain a fold map S n — > S p 7 Here, a fold map 
is a smooth map with only fold singularities, which are, in a sense, the simplest 
among all generic singularities. Thus the fold maps form a reasonable class of maps 
which is very close to that of submersions. The problem was affirmatively solved 
by Eliashberg in |TU] , who solved it by establishing the /i-principle for fold maps 
(see [H1II7]) on the 1-jet level. 

In [40] the second and the third authors considered a similar problem for maps 
between 4-manifolds and showed that for a closed orientable 4-manifold M, the 
homotopy class of a map M — > S 4 contains a smooth map with only fold and cusp 
singularities if and only if the first Pontrjagin class p\{M) vanishes. According to 
Eliashberg [5], the homotopy class of a map M — » S 4 contains a fold map if and 
only if both pi(M) and the second Stiefel- Whitney class W2(M) vanish. Note that 
u>2(M) coincides with the Poincare dual to the Z2-homology class represented by 
the closure of the set of cusp points of a given generic map M — > S 4 : in other words, 
u>2 is the so-called Thorn polynomial for cusp singularities. In a similar fashion, p\ 
is the Thorn polynomial for the so-called E 2 ' singularities (see 331 of the present 
paper). Thus we can conclude that in the case of a generic map M — > S 4 of a 
closed orientable 4-manifold M, the Thorn polynomials are the unique obstructions 
to the elimination of singularities except for the fold points (and cusp points) . In 
contrast, we will see that an analogous result does not hold for closed non- orientable 
4-manifolds (see Corollarv l3.4l fii')'). In other words we have obstructions other than 
Thorn polynomials. 
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We are interested in the following general problem (see [3]): given a generic 
smooth map g : M — > N between smooth manifolds, under what conditions does 
there exist a generic smooth map nomotopic to g which has no singularities of a 
prescribed type E? Obstructions to the elimination of singularities are, for example, 
characteristic classes (see [32]), homotopy invariants such as the Hopf invariant (see 
[35]), or smooth structures of manifolds (see [33121]). In many cases, the /i-principle 
holds and the problem is equivalent to the existence problem of a corresponding 
jet section M — > J k (M,N) covering g and avoiding the singular jets of type E. 
Then the primary obstruction to the existence is the Thorn polynomial, which is 
the Poincare dual to the homology class represented by the closure of the singular 
point set E(g) of g with type E. The Thorn polynomial does not always tell us 
a complete answer to the problem, since the topological location of E(g) in the 
source manifold M can be nontrivial even if the Thorn polynomial of E vanishes. 
This means that there may be other (co)homological obstructions to eliminating 
the singularities of a prescribed type by homotopy. 

It is the purpose of the present paper to study the so-called higher order ob- 
structions which arise as well-defined obstructions in those cases where the primary 
obstructions, i.e., Thorn polynomials, fail to determine the existence of maps with 
prescribed singularities. 

As far as the authors know, there are only a few results about higher order ob- 
structions to the elimination of singularities. For example, the first and the second 
authors clarified such a secondary obstruction to eliminating cusp singularities for 
maps of closed orientable 4-manifolds into 3-manifolds ([321 EH]), an d Szucs [33] 
discussed this problem from a viewpoint of cobordism of maps. 

In the present paper we obtain a series of results on higher order obstructions. For 
example, we compute the complete set of obstructions to the existence of tame fold 
maps of non-orientable 4-manifolds into R 3 , i.e., fold maps whose restriction to the 
set of singular points is an immersion with trivial normal bundle. Namely we show 
(see Theorem 15. ip that for a closed connected non-orientable 4- manifold M, there 
exists a tame fold map / : M -> R 3 if and only if W 3 (M) = in H s (M;Z Wl ^) 
and w&(M) = in iJ 4 (M; Z2), where 1 Wi (m) denotes the orientation local system 
of M and W3 denotes the 3rd Whitney class for twisted coefficients. 

The paper is organized as follows. In [21 we recall the /i-principle results due to 
Eliashberg and Ando for fold maps and discuss the relationship between the exis- 
tence problem of fold maps and that of vector fields of stabilized tangent bundles. 
In iJ3J we give a theorem (Theorem 13.11) about the existence of nowhere linearly 
dependent sections for vector bundles over 4-dimensional CW complexes, and de- 
duce some corollaries about the existence of fold maps. We prove Theorem 13.11 
using results by Dold- Whitney [7] , and interpret our result in terms of Postnikov 
decompositions and their invariants. We also study fold maps between equidimen- 
sional manifolds for low dimensions, using a similar argument. Furthermore, we 
interpret these results about the existence of fold maps from the viewpoint of elim- 
ination of singularities. In 331 we study fold maps of higher dimensional manifolds 
into M 4 , using known results about vector fields. In fJSJ we study tame fold maps 
of non-orientable 4-manifolds into 3-manifolds, using the Postnikov decomposition 
argument. It turned out that the existence problem of fold maps is related to char- 
acteristic classes of pin vector bundles. In Appendix, we compute the characteristic 
classes in degree 4 and establish their relationship to Pontrjagin and Stiefel- Whitney 
classes. These are used to interpret our results in terms of Postnikov decomposi- 
tions. The content of the Appendix might be folklore. Nevertheless, we included it 
in our paper, since we could not find the assertions in the literature. 
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Throughout the paper, manifolds are smooth of class C°°. The symbol e denotes 
the trivial £-plane bundle over an appropriate space (when t = 1, e is also used in 
place of e 1 ). 

The authors would like to thank Boldizsar Kalmar for indicating his recent results 
on the existence of fold maps to them; and the referee for comments that lead to 
an improvement of the paper. 

2. ANDO'S /l-PRINCIPLE THEOREM FOR FOLD MAPS 

Let / : M — >• N be a smooth map between manifolds with n = dim M > dim N = 
p. We denote by S(f) the set of singular points of /, i.e. the set of all points x G M 
such that rank df x < p. A singular point x G S(f) of / is of fold type if / can be 
written in a form 

(xx,X2,-..,X n ) H> (xi,X2,...,Xp_i,±Xp±Xp +1 ±---±X 2 n ) 

for some local coordinates around x and /(#). We say that / : M —> N is a fold 
map if all of its singular points are of fold type. Note that for p — 1 a singular 
point is of fold type if and only if it is a nondegenerate critical point, and hence a 
fold map into K is nothing but a Morse function. 

Fold maps can be characterized in terms of jets as follows. By definition, the 
1-jet bundle 

J 1 Of, N) = Hom(TM, TN) — ► M 

is a fiber bundle whose fiber over a point x G M consists of all pairs (y, h) of points 
y G N and linear maps T X M — > T y N of tangent planes. We note that a smooth map 
/ : M — ► N determines a jet j x f at each point x G M with y = f(x) and h = df x . 
A point of the 1-jet space J 1 (M, N) is called a 1-jet. Let E r denote the submanifold 
of the 1-jet space J 1 (M, N) consisting of the 1-jets with corank r, where the corank 
of a jet j x g means the rank of the kernel of the differential dg x . Then a smooth map 
/ : M — > N is a fold map if and only if its 1-jet extension j 1 f : M — > J 1 (A/, N) is 
transverse to S 1 , j 1 /(M)nS r = 0, r > 2, and f\rji /)-i(si) is an immersion (see [16l 
Chap. Ill, §4] for more details). Note that (j 1 /) _1 (S 1 ) = S(f) is a closed regular 
submanifold of M of dimension p — 1. Singularities of fold type are the simplest, 
i.e. they have the smallest codimension, among all generic corank one singularities. 

As has been mentioned in § 1 , Eliashberg [HI [TU] studied the existence problem 
of fold maps and obtained the /i-principle of fold maps, which allows us to replace 
the existence problem of fold maps by an algebraic topology problem. Namely, a 
fold map f : M —> N exists if and only if there is a section s : M — >• J 1 (M,N) 
transversal to S 1 such that 

• s(M) n S r = for each r > 2, 

• in a neighborhood U of each point x of s _1 (S 1 ) there is a fold map f x 
such that s\U = j 1 f x \U, and 

• for each index i = 0, 1, (n — p+ l)/2, there is a point x G s _1 (S 1 ) such 
that a: is a fold singular point of f x of index i. 

The Eliashberg /i-principle implies that if M is stably parallelizable, then every 
map g : M — s> S' p (or g : M — > M p ), p < dim A/, is homotopic to a fold map, which 
gives a complete solution to the original problem of Mather mentioned in SJXJ 

In general, the stable parallelizability is not a necessary condition for the exis- 
tence of fold maps into R p . According to the Thom-Levine theorem US] , there 
exists a fold map / : M — > M 2 of a closed connected manifold M with dimM > 2 
if and only if the Euler characteristic of M is even. Thus the existence problem of 
fold maps into R 2 has been completely solved. For fold maps into M 3 , the first and 
the second authors independently determined necessary and sufficient conditions 
for the existence of such a fold map on a closed oriented 4-manifold [33J |37] , and 
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when dim M > 5 the first and the third authors recently solved the problem except 
for a few cases (see [35] when dimM is even, and [55] when dimAf is odd). 

In this paper we mainly study the existence problem of fold maps of even dimen- 
sional manifolds into R 4 , which, by Theorem l2.1l below. is equivalent to the existence 
problem of fold maps in a given homotopy class of maps of an even dimensional 
manifold into S 4 . 

In the following, we say that a fold map f : M — > A is tame if the normal bundle 
of the immersion f\s(f) is orientable. Note that if dimAf — dim A is even, then 
every fold map is tame (for example, see |36j). In [3 6) the second author proved that 
if there is a tame fold map / : M N, then there exists a fiberwise epimorphism 
TM © e 1 -> f*TN. On the other hand, using the Eliashberg /i-principle [51 [TP] in 
an essential way, Ando showed that the converse holds true as well. 

Theorem 2.1 (Ando [2]). Let g : M —¥ N be a continuous map between smooth 
manifolds with n = dim M > dim A = p. Then there exists a tame fold map 
f : M — > A homotopic to g if and only if there exists a fiberwise epimorphism 
TMee 1 g*TN. 

This suggests a close relationship between the existence problem of fold maps and 
that of vector fields. In order to clarify the relationship, let us recall the following 
definition. 

Definition 2.2. Let £ be a vector bundle over a CW complex. The maximum number 
of nowhere linearly dependent sections of £ is called the span of £ and is denoted by 
span(£). If £ is the tangent bundle TM of a manifold M, then the span of £ is also 
called the span of M and is denoted by span(M). The stable span of a vector bundle 
£, denoted by span°(£), is the limit of the non- negative non-decreasing sequence 
{s n }, where s„ + n is the span of £ © e n for each n > 0. Similarly, if £ is the 
tangent bundle TM of a manifold M, then the stable span of M can be defined as 
the number s such that s + 1 is the span of £ © e, and is denoted by span°(M) (see 
[Hdl for more details). 

Let vn be the normal bundle of an embedding of A into R m for some sufficiently 
big positive integer m. 

Lemma 2.3. A fiberwise epimorphism TM © e 1 — > g*TN exists if and only if 
span°(TM © g*v N ) >p + dim^Ar - 1. 

Proof. A fiberwise epimorphism TM © e 1 — > g*TN extends to a fiberwise epimor- 
phism 

TM © e 1 © g*v N — > 5 *TA © g*u N = e m 
over M, which implies TM © e 1 © g*VN — rj Q> e m , where 77 is the kernel bundle 
of the above fiberwise epimorphism. Then, the desired inequality follows, since 
?7i = p + dim /y/\r. On the other hand, if 

span°(TMffig*j/Ar) >p + dimv N - I, 

then there is a fiberwise epimorphism 

TM ®e u — ► g*TN © e"" 1 

for some positive integer u. By dimensional reasoning, such a fiberwise epimorphism 
is homotopic to the direct sum of a desired fiberwise epimorphism and the fiberwise 
identity map e" -1 — > e u_1 . □ 

In particular, we have the following: 

Corollary 2.4. Let M be a smooth n-dimensional manifold. Forp with n > p > 1, 
if span°(M) > p — \, then there exists a tame fold map f : M — > W . When n — p 
is even, span°(M) > p — 1 if and only if there exists a fold map f : M —> W. 
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Moreover, we have a homotopy theoretical interpretation of the stable span as 
follows. For an (n + ^)-plane bundle £ with t > over a CW complex W of 
dimension n, let : W — > BO„+^+i be the classifying map of £ © e. Consider the 
natural fibration (see [48]): 

V^+£,n+f+l ► BO„_ p +i > BO n +£+i, 

where V m ,k is the Stiefel manifold consisting of all orthonormal m-frames in R fe . 
Then span°(£) > p + I — 1 if and only if there exists a continuous map c : W — J> 
BO„_p+i such that the diagram 

BO„_p+i 

BO„ +£+ i 

is commutative. 

We can study the existence of such a lift c of by using the Postnikov decom- 
position argument. 

In general, given a continuous map / : E — > B of path connected topological 
spaces with homotopy fiber F, the Postnikov decomposition or Moore-Postnikov 
tower of / is the decomposition of / of the form 

E — y • • • — )■ E2 — y E\ — ^ Eq = B , 

where the composition E — y B is homotopic to /; each map E n+ i — > E n is a 
fibration with fiber K(ir n (F), n); each composition E n —5- B induces an isomorphism 
of homotopy groups in dimensions > n, and an injection in dimension n; and each 
composition E — > E n induces an isomorphism of homotopy groups in dimensions 
< n and a surjection in dimension n. 

If / : E — > B is a fibration of CW complexes and tti(B) acts trivially on the 
homology groups of the fiber, then / admits a Postnikov decomposition where each 
fibration E n+ i — > E n is principal. 

Now, to lift a continuous map X — > B to a map X — > E, we may split the 
problem into those of constructing consecutive lifts of X — > B to X —> E\ , X — >• E2 
and so on. If X is a finite dimensional CW complex, then the lifts X — > E are in 
bijective correspondence with the lifts X — > E n for sufficiently big positive integer 
n. On the other hand, the only obstruction to the existence of a lift of X — >• £7 n _i to 
X — > E n is an algebraic invariant, called the n-th Postnikov invariant. For details 
we refer the reader to [17] and the sections "Postnikov towers" and "Obstruction 
theory" in [T5] , 

Remark 2.5. As remarked in |24j . we have the following formula: 

span(M x S 1 ) = span°(M xS') = span (A/) + 1. 

This formula is useful for applying known results about the span of manifolds to 
the study of the stable span of manifolds. 

Remark 2.6. According to the theory of wrinkled maps of Eliashberg-Mishachev 
[llj . a closed connected manifold M with dim ill > p admits a wrinkled map into 
R p if and only if span(A/) > p. Therefore, by Corollary |2.41 if M admits a wrinkled 
map into W, then it admits a tame fold map into R p+1 . We do not know if we can 
prove this fact by a direct geometric construction. 
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Remark 2.7. About the existence of fold maps, some results have already been 
obtained, for example, in [2"T1 HM 155] . 

3. Fold maps between equidimensional manifolds 

Let us first consider the existence problem of fold maps between 4-manifolds. 
For this purpose, in view of the discussion in the previous section, we have only 
to find obstructions to the existence of a (k - l)-fram<0 for an arbitrary fc-plane 
bundle over a CW complex of dimension 4 with k > 5. 

In the following, for a CW complex W, we will denote its i-skeleton by W^. 
Let £ be a possibly non-orientable fc-plane bundle over a CW complex W. A pin 
structur^\ on £ is the homotopy class of a (fc — l)-frame of £ over W [1] admitting 
an extension over W^. When a specific pin structure, say p, is given, we call £ a 
pin vector bundle and denote it by (£, p). Let BPin denote the direct limit of the 
classifying spaces BPin^ of pin fc-plane bundles. Note that the cohomology classes 
of BPin are considered to be characteristic classes of pin vector bundles. It is known 
that there is a class z S -ff 4 (BPin; Z) satisfying 

(3.1) 2z — pi and z = u>4 (mod 2), 

where p\ is the first Pontrjagin class and W4 is the 4th Stiefel- Whitney class (see 
Appendix). Since i? 3 (BPin; Z2) = Z2 (e.g., see the calculation of -ff*(BSpin; Z2) in 
[43] 1 contains only one nontrivial element wf and Sq 1 (w^) ^ 0, there is only one 
class z that satisfies condition (|3.1[) . 

Theorem 3.1. Let £ be an arbitrary k-plane bundle over a CW complex W of 
dimension 4 with k > 5. The primary obstruction to the existence of a (fc — 1)- 
frame on £ is W2(£,), i.e. u>2(£) vanishes if and only if '£ admits a pin structure, say p. 
The secondary obstruction is a class p) € H i {W;'L) for which 2z(£,p) = pi(£) 
and z(£,p) = Wi{^) (mod 2). Furthermore, z(£) — z(£,p) does not depend on a 
particular pin structure p on £. In other words, if u>2(0 = 0, then £ admits a 
(fc — I) -frame if and only if z(£) = 0. 

Proof. There exists a vector bundle £ of sufficiently high rank over W such that 
is trivial. Let rj be the line bundle over W with u>i (77) = w\ (£). Then £ admits 
a (fc — l)-frame if and only if £ is isomorphic to 77 s k ~ 1 . Since fc > 5, this last 
condition is equivalent to the triviality of 77 © £. 

According to [7] (see also [5]), the primary obstruction is given by 102(77 © £) = 
u>2(£) • Lf this vanishes, then 77 © £ is trivial over W^t 3 !. The secondary obstruction 
is given by a class <i in H 4 (W;Z), which is the cohomology class of a difference 
cocycle, and this class does not depend on a particular trivialization of rj © £ over 
W1 3 ], Furthermore, by [?J Theorem 2(c)], the class z = —d or z = d (depending on 
the sign convention) satisfies the condition (3.1), and therefore d can be identified 
with z(£) up to sign. This completes the proof. □ 

Remark 3.2. Let us interpret the above result from the viewpoint of Postnikov 
decompositions. We may assume that fc = 5. Let us consider the fibration 

V4, 5 — > BOi B0 5 . 

Since the fundamental group of BO5 acts trivially on the homotopy groups of the 
fiber V45 (see [20l p. 2]) and 771(^4,5) = Z 2 is abelian, there is a classical Postnikov 
decomposition of w. Its first Postnikov invariant, W2, determines a principal fibra- 
tion r : BPins — > BO5. We choose a fibration q that covers the map it with respect 

Da n i-frame of a vector bundle means a set of i nowhere linearly dependent sections. 
2 ^This corresponds to a Pin + -structure in the literature (for example, see |22l). 
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to r so that the homotopy class of the restriction v : 14,5 
of 77 coincides with the fundamental class of V4 5 : 



K(Z2, 1) of q to a fiber 



14,5 

"I 



-> BOi 



BPin 5 



B0 5 #(Z 2 ,2). 

Note that 772 (14. 5) = and 773 ) = Z. Hence, for the fiber F of g, we have 
tti(F) = 772(F) = and 773(F) = Z. Consequently, the next nontrivial Postnikov 
invariant is a class in P 4 (BPiii5; Z) = P 4 (BPin;Z). By using spectral sequence 
arguments, we can identify this class with z up to sign (see Appendix). Therefore, 
can be considered as the secondary obstruction in the sense of the Postnikov 
decomposition as well. 

Let us apply the above results to the existence problem of fold maps between 
4-manifolds. By Theorem 12. 11 we have the following. 

Theorem 3.3. Let g : M — > N be a continuous map between smooth A-manifolds, 
where M is closed and connected. Then g is homotopic to a fold map if and only if 
W2(TM — g*TN) € H 2 (M; Z2) vanishes and one of the following conditions holds, 
where TM — g*TN denotes the formal difference bundle. 

(i) When M is orientable, pi(TM - g*TN) G H 4 (M;Z) vanishes. 

(ii) When M is non- orientable, w^{TM — g*TN) G H^^M;^) vanishes. 

Proof. If M is orientable, then iJ 4 (Af;Z) = Z. Therefore, the vanishing of z is 
equivalent to the vanishing of p\. When M is non-orientable, the reduction modulo 
two Z — ► Z2 gives rise to an isomorphism H 4 (M;Z) — »■ ff 4 (M;Z2). Then the 
vanishing of z is equivalent to the vanishing of W4. □ 

As an immediate corollary, we have the following. 

Corollary 3.4. A closed connected 4-manifold M admits a fold map into R 4 if and 
only if W2(M) G H 2 (M;Wa2) vanishes and 

(i) pi(M) = in H A {Al\Ti) when M is orientable, or 

(ii) w 4 (M) = in H 4 (M;Z 2 ) when M is non-orientable. 

Example 3.5. Let E be a closed connected orientable surface and F a closed con- 
nected non-orientable surface. Then, FxE admits a fold map into R if F has 
even Euler characteristic, since then 7^2 and W4 both vanish. In fact, it is easy to 
construct a fold map g : F — > R 2 if F has even Euler characteristic. Then the 
composition 

F x S gXids ) R 2 xSHl 4 

gives an explicit fold map, where the last map is an arbitrary embedding. 

On the other hand, if F has odd Euler characteristic, then FxS does not admit 
a fold map into R 4 , since then W2 does not vanish, although its W4 vanishes. The 
real 4-dimensional projective space RP 4 does not admit a fold map into R 4 , since 
W4 does not vanish, although its W2 vanishes. 

Let M be the underlying smooth 4-manifold of a K3 surface. Then it does not 
admit a fold map into R 4 , since its p\ does not vanish, although its W2 vanishes. 
On the other hand, CP 2 jJCP 2 does not admit a fold map into R 4 , since its u>2 does 
not vanish, although its p\ vanishes. 
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We can apply the proof of Theorem 13.11 to the existence problem of fold maps 
between higher dimensional manifolds as well, as follows. 

Theorem 3.6. Let g : M — > N be a continuous map between smooth n- dimensional 
manifolds, where M is closed, connected and n < 8. Then g is homotopic to a fold 
map if and only if both w 2 (TM - g*TN) G H 2 (M;Z 2 ) and z(TM - g*TN,p) £ 
H (Af;Z) vanish, where TM — g*TN denotes the formal difference bundle, p is a 
pin structure, and z(TM — g*TN,p) does not depend on a particular choice of p. 

Theorem 13 . 61 follows from the final remark of [7, §2] in view of the interpretation 
of z observed in the proof of Theorem 13.11 In terms of Postnikov decompositions 
the theorem can be proved as follows. 

Proof. Recall that the homotopy groups of the space V m -\,m — SO m get stabilized 
as m tends to infinity, since the inclusion SO m — > SO m +i induces an isomorphism 
of homotopy groups for dimensions less than m — 1. Therefore, the comparison of 
the two fibrations 

V m -i, m > BO i > BO m 



V m ,m+i > BOi > BO m +i 

shows that the Postnikov invariants and their indeterminacies of the lower fibration 
in dimensions < m — 1 coincide with the corresponding Postnikov invariants and 
indeterminacies of the upper fibration. On the other hand, we have 7^(14, e) = 0, 
and if m > 6, then iti{V mtm +i) = for i = 4,5,6, which implies that there are 
no Postnikov invariants in dimensions 5, 6 and 7. Consequently, for manifolds of 
dimensions 5, 6 and 7, the obstruction coincides with that found in Theorem 13.11 
As a consequence, we obtain Theorem 13.61 in view of Remark 13.21 □ 



Let us end this section by a remark from the viewpoint of elimination of singu- 
larities. Let M be a closed connected 4-manifold and g : M — > M 4 a stable map (for 
details, see [16], for example). Note that the set of stable maps is open and dense in 
C°°(M,R 4 ) (see [IS]). For a singular point x S S(g), there exist local coordinates 
(x%, X21 £3, £4) and (2/1,2/2,2/3,2/4) around x and g(x), respectively, such that g has 
one of the following normal forms (see |16j): 



(i) 


JJi 


— \ 


i = 1,2,3), 2/4 


= x\ (x: fold or Ai-type); 


(ii) 


y, 


- - Xi y 


* = 1,2,3), 2/4 


= 0:4+ X1X4 (x: cusp or ^2-type); 

= x\ + x\x\ + X2X4 [x: swallowtail or ^3-type); 


(hi) 


vi 


— Xi y 


i = 1,2,3), 2/4 


(iv) 


Vi 


= Xi ( 


i = 1,2,3), 2/4 


= x\+X\x\+X2x\+X3Xi± (x: butterfly or ^4-type); 


(v) 


Vi 


— %i \ 


* = 1,2), 2/3 = 


X3+X1X4, 2/4 = X4 + X2X3 (x: hyperbolic umbilic); 


(vi) 


Vi 


= Xi ( 


* = 1,2), 2/3 = 


x i ~ x \ + x i x 3 + X 2X4, 2/4 = ^3^4 + 2:2^3 - £1^4 



(x: elliptic umbilic). 

We denote by Af-(g) the set of Ak-type singularities of g for k = 1,2,3,4 and by 
T> 2 '°(g) the set of hyperbolic and elliptic umbilics of g. 

The Thorn polynomials for the above singularities have been calculated as follows 
(for example, see 40, p. 1119]): 

i s (g)}2 = w 1 =w 1 , [42(s)]a = w\ + w 2 = w 2 , 



[Aa(g)]2 = w{ + wxw 2 = wiw 2l [Ai{g)]2 = w i + w iW3 = wiw 3 , 

[Z 2 '°{9)]*2 =W 2 2+ WIW3 =W 2 2 + W1 W3, P 2 '°(.g)]* =pi = -pi, 
where u), (resp. pi) denotes the i-th dual Stiefel- Whitney (resp. dual Pontrjagin) 
class, and the symbol denotes the Poincare dual to the Z2-homology class of 
M represented by X. When M is oriented, the normal bundle to the 0-dimensional 
submanifold E 2 '°((/) has a canonical orientation and [X 2 - (<?)]* denotes the Poincare 
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dual to the Z-homology class represented by E 2,0 (g). Note that W1W3 always van- 
ishes for a closed 4-manifold. 

Let us consider the elimination problem of singularities of prescribed types. More 
precisely, let us consider the elimination of singularities other than the fold points. 
By virtue of the adjacency of singularities, this is equivalent to the elimination of 
cusps. 

By Corollary 13.41 when M is orientable, the singularities other than the fold 
points can be eliminated if and only if their associated Thorn polynomials all van- 
ish. In other words, the vanishing of the primary obstructions is sufficient for the 
elimination. 

On the other hand, when M is non-orientable, even if all the Thorn polynomials 
other than that for fold points vanish, the 4-th Stiefel-Whitney class may not 
vanish. In this sense, W4 can be considered as the secondary obstruction for the 
elimination of cusps, or all those singularities other than the fold points. This 
observation is also justified by Remark 13.21 

Note that if g : M — > R 4 is a stable map with only Ak-type singularities, then 
(u>4(M), [M]%) £ Z2 coincides with the Euler characteristic modulo two of A 2 {g), 
where [M] 2 € H 4 (M; Z 2 ) is the Z 2 -fundamental class of M (see [TS] and gOl The- 
orem 4.1]). This means that w 4 (M) = iiu^ (^2 (<?)), where i\ : 77 2 (A 2 (<?); Z2) — > 
H A (M; Z2) is the Gysin homomorphism induced by the inclusion i : A 2 (g) — > Al- 
ia this sense, W4 may be considered as a higher Thorn polynomial (compare this 
with PQ, for example). 

For maps between n-dimensional manifolds, n — 5,6, 7, it is known that the 
Thorn polynomial for cusp singularities coincides with wi ■ Furthermore, the Thorn 
polynomial for E 2 ' singularities in integer coefficient is known to be given by pi + 
(3ws , where /3 is the Bockstein homomorphism associated with the coefficient exact 
sequence 

— >z^4z — >z 2 — >o 

(see [IH [32J [33] ) . Note that the modulo two reduction of 0W3 is equal to W1W3, 
which is the Thorn polynomial for A 4 singularities. Therefore, if the Thorn poly- 
nomials for A2, A4 and E 2 ' singularities all vanish, then u>2 and p\ = 2z vanish. 

However, even if the Thorn polynomials vanish for all singularities, the obstruc- 
tion z may not vanish. For example, let us consider the n-dimensional manifold 
M = RP 4 x S*™ -4 , n = 5,6, 7. Then, it is easy to see that all the Thorn polynomials 
for singularities of codimension up to 4 vanish. Singularities of codimension 5, 6 
or 7 may appear and their Thorn polynomials are known (see |14[ 132) , for exam- 
ple). However, their Thorn polynomials for M all vanish, since the polynomials in 
characteristic classes of M of degree > 5 all vanish. On the other hand, 104 (M) 
does not vanish, which implies that z, whose modulo two reduction coincides with 
u>4, does not vanish. Therefore, for M, all the relevant Thorn polynomials vanish, 
although it does not admit a fold map into R™. This means that the obstruction z 
is essentially secondary. 

4. Fold maps of even dimensional manifolds into M 4 

In the case of maps into R 4 of an even dimensional manifold M, the existence 
problem of a fold map is closely related to that of a 3- frame on M. Let us recall 
that a fold map of M into R 4 exists if and only if span°(M) > 3, i.e., TM © e 
admits at least four nowhere linearly dependent sections. 

To simplify the formulation of statements, in all theorems of this section we 
will assume that the manifold M is closed and connected. Let us first recall the 
following theorem. 
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Theorem 4.1 (Eagle; Koschorke [24] ). If M is an even dimensional manifold and 
its Euler characteristic x(M) vanishes, then span(M) = span (M) always holds. 

First, let us consider the case where the dimension of the manifold M is a multiple 
of 4. 

Theorem 4.2 (Atiyah-Dupont An oriented manifold M of dimension n = 4k, 
with k > 1, admits a 3-frame if and only if w n -i{M) = 0, x(M) — and the 
signature a(M) of M is divisible by 8. 

By using Theorem 14.21 we can prove the following. 

Theorem 4.3. An oriented manifold M of dimension n = 4k, with k > 2, admits 
a fold map into R 4 if and only if w n -2 (M) = and the signature a(M) of M is 
divisible by 8. 

Proof. In the case where x(M) = the assertion follows from Theorem 12.11 and 
the Atiyah-Dupont theorem. If x(M) is odd, then neither the signature of M is 
divisible by 8, nor the manifold M admits a stable 3-frame. Hence, we may assume 
that x(M) is even. 

Let us first consider the case where x(M) > 0. Suppose that the statement of 
the theorem has been proved for all manifolds with Euler characteristic x(M) — 2. 
In particular, we assume that the theorem holds true for the connected sum M$S , 
where S stands for S 2 ^ 1 x S 2k+1 . 

If M admits a fold map, then so does M$S. Hence, by the inductive assumption 
(MjJS) vanishes and the signature of M$S is divisible by 8. Consequently, 
Wik-i{M) = and a(M) = (mod 8), as it has been claimed. 

Conversely, if Wik-2{M) = and a{M) = (mod 8), then the same equalities 
hold for M$S as well. Consequently, by the inductive assumption, the bundle 
T(M$S) © e admits a 4-frame. On the other hand, since i^i{ViAk+i) = for 
i < 4k — 4, every stable 3-frame over S' 2fe ~ 1 V S 2k+1 is homotopic to the trivial 
stable 3-frame, provided that k > 3; and therefore a stable 3-frame over M$S gives 
rise to at least one stable 3-frame over M. 

In the case where x(M) < 0, we can prove the statement by a similar induction, 
considering M$(S 2k x S 2k ) whose Euler characteristic is equal to x(M) + 2. □ 

Remark 4.4. Our technique does not apply to manifolds of dimension 8, since in 
the case k = 2 there exists a non-trivial stable 3-frame over 5' 2fe_1 V S 2k+1 . 

In the case of a manifold M of dimension 4/c + 2, we make use of a theorem 
which is due to Atiyah-Dupont [3] (in the orientable case) and Koschorke [23] (in 
the non-orientable case). 

Theorem 4.5. A manifold M of dimension n = 4k+2, with k > in the orientable 
case and k > 1 in the non-orientable case, admits a 3-frame if and only ifx(M) = 
and m„_2(-M) = 0. 

In view of Theorem l4.5[ the argument similar to that in the proof of Theorem l4.3l 
yields a condition for the existence of a fold map into M 4 of a manifold of dimension 
4k + 2 as follows. 

Theorem 4.6. A manifold M of dimension n — 4k + 2, with k > 1, admits a fold 
map into K 4 if and only if w n -2(M) = 0. 

Proof. First note that we have 



by virtue of the Wu formula (for example, see [IB])- Therefore, if W4k vanishes, 
then so does W4k+2- Then the rest of the argument is similar to that in the proof 



Sq 2 {wik) 



W2W4k + W4k+2 



of Theorem 



□ 
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Remark 4.7. Our technique does not apply to manifolds of dimension 6, since in 
the case k — 1 there exists a non-trivial stable 3-frame over S 2k+1 V 5 2fc+1 . 

5. Fold maps of non-orientable 4-manifolds into R 3 

As has already been mentioned in [J21 the existence problem of a fold map into 
R 3 for closed orientable 4-manifolds has been solved by the first and the second 
authors, independently. In this section, let us consider the existence problem of 
fold maps into R 3 for closed non-orientable 4-manifolds. 

It immediately follows from Theorem 12.11 and Corollary 13.41 that a closed non- 
orientable 4-manifold M admits a tame fold map / : M — > R 3 if W2(M) = and 
Wa{M) = 0. For example, 

M = f e RP 4 f(S 2 x 5 2 )(t m (S' 1 x S 3 ) 

with £ > 1, k > and m > admits a fold map into R 3 . However, the same 
argument does not tell us if j} +1 RP 4 admits a fold map into R 3 or not. 
Nevertheless, for the existence of tame fold maps, we have the following. 

Theorem 5.1. Let M be a closed connected non-orientable 4-manifold. Then there 
exists a tame fold map f : M —> R 3 if and only if W$(M) = in H (M; 1j Wi {m)) 
and wa(M) = in H 4 (M; Z 2 ), where 1 Wi (m) denotes the orientation local system 
of M and W3 denotes the 3rd Whitney class for twisted coefficients. 

Using Theorem 15. 11 we see that j} 2£+1 RP 4 does not admit a tame fold map into 
R 3 . 

Remark 5.2. An argument similar to that in the proof of Theorem 4.3 cannot be 
used to deduce Theorem 5.1 from a result on the span of 4-manifolds (see Remark 
5.4) as there exist non-trivial 3-frames in the trivial vector 5-bundle over S 1 V S 3 . 

Proof of Theorem 15.11 In view of Theorem l2.ll we have only to show that the stable 
span of M satisfies span°(M) > 2 if and only if both Ws(M) and Wi(M) vanish. 

Recall that span (M) > 2 if and only of the map tu ■ M —> BO5 classifying 
TM © e 1 admits a lift with respect to the fibration 

U 3 ,5 -^B0 2 ^B0 5 . 

It is known that ^(V-;^) — ^3(^,5) = Z and that the action of -Kx^BO^) on 772(^5) 
is nontrivial. Hence, the primary obstruction to the existence of such a lift is the 
Whitney class Ws(M) £ H 3 (M;Z Wl ( M j) (for this and the following arguments, the 
reader is referred to [3"ffll3"T] h 

Suppose that Ws(M) — 0. Then there is a lift over a 3-skeleton of M. Recall that 
the action of Tri{BO§) on 713(^5) is trivial. Let E be the space in the second stage 
of the Postnikov decomposition and k 6 iJ 4 (_E;Z) = [E, K(Z,4)} be the second 
Postnikov invariant: 

V 3i5 ► B0 2 

9 

K(Z,2) ► E — — > K(Z,A) 



M — ^ B0 5 — L(Z,3). 

Since M is non-orientable, the modulo two reduction ff 4 (M;Z) — > H A {M\T,2) is 
an isomorphism. Therefore, we have only to consider the modulo two reduction of 
the Postnikov invariant. 
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We see that the modulo two reduction k of k coincides with r*W4. Indeed, the 
modulo two reduction homomorphism H 4 (E;Z) — > H 4 (E\Z2) is associated to the 
obvious homomorphism ^3(^3,5) — Z — > ^3(^,5) = Z2 of cocmcient groups. 

To calculate the indeterminacy we need to consider the map 

a : K(Z,2) x E ^ E 

given by the action of the fiber K = K(Z, 2) on the hbration r : E — > BO5. Then 
we can express the class a*k in the form 

a*k = (lxx) + (at x y) + (bt 2 x 1) 

for some a,f) € Z2 and for some x € P 4 (P;Z2) and y € H 2 (E;Z2), where t € 
H 2 (K;1*2) = ^2 is the generator. 

We know that the inclusion K — > E in the hbration r : E — > BO5 takes k to 
the Postnikov invariant of the hbration V^s — > K. Let F denote the hber of this 
hbration. Since F is 2-connected, we have the Serre long exact sequence 

H 3 (K;Z 2 ) -> H 3 (V 3 . 5 ;Z 2 ) -> H 3 (F;Z 2 ) -> H i (K;Z 2 ), 

where the map H 3 (F; Z2) — > H 4 (K ;Z2) corresponds to the transgression we are 
interested in, and the other maps are the homomorphisms induced by the inclusion 
of the fiber, and the fiber bundle projection. It is easy to see that the above sequence 
has the form — > Z2 — » Z2 — > Z2, which implies that the modulo two Postnikov 
invariant of the fibration V^s — > K is trivial. Hence, considering the composition 
K — > K x E — > E, we conclude that b — 0. 

Next, by considering the composition E K x E E we conclude that x = 
r*W4. 

Finally, let us determine a and y. In fact, we will show that the term at x y 
is trivial. Since the homotopy fiber of q is 2-connected, the map q induces an 
isomorphism of integral cohomology groups in dimension two. Hence H 2 (E;Z) 
contains only one non-zero element, namely (q*)™ 1 (/3wi), which coincides with 
r*(j3wi). Since y is the modulo two reduction of some class in H 2 (E; Z), it follows 
that y is a multiple of r*(w±). If y is zero, then at x y is trivial as it has been 
claimed. 

Suppose that y is not zero, i.e., y — r*(w 2 ). 

Let us consider the non- orientable 4-manifold RP 4 , which satisfies W^RP 4 ) = 
and W4(RP 4 ) ^ 0. In particular, we have span°(RP 4 ) = and hence the secondary 
obstruction for RP 4 must be nontrivial. Let t : RP 4 — > E be a lift of t^pi. For a 
map s : RP 4 — > K, we have 

(s,t)*a*k = Wi(RP 4 ) + as*t — wi(RP 4 ) 2 , 

where (s, t) : RP 4 -» K x E is the map that sends p E RP 4 to (s(p), t(p)). On the 
other hand, for the map g : RP 4 -> K corresponding to /3wi(RP 4 ) £ i/ 2 (RP 4 ; Z), 
we have g*t = wi(RP 4 ) 2 . Since it holds that w\ — W4 for RP 4 (see, for example, 
|28j). if a ^ 0, then this implies that the secondary obstruction vanishes, which is 
a contradiction. Thus we have a — 0. Therefore, a*k — 1 x r*W4 and we conclude 
that W4 is the secondary obstruction. □ 

Remark 5.3. We can also prove Theorem 15.11 in a simpler way as follows. Let us 
consider the exact sequence 

H 2 (M;Z Wl(M) ) ^ H 2 {M-Z Wl[M) ) mod2 ) H 2 {M-Z 2 ) A H 3 (M;Z Wl{M) ) 
associated with the coefficient exact sequence 

> *Z Wl (M) > %> Wl (M) > ^2 > 0. 
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If there exists a tame fold map / : M — > R 3 , then the singular set S(f) is an 
orientable surface. Since the Poincare dual to the Z2-homology class represented 
by S(f) coincides with w 2 {M) (see @S]), this implies W 3 (M) = /3w 2 (M) = (see 
[6]). Furthermore, it is known that the Euler characteristic of M has the same 
parity as that of S(f) (see [H]). Therefore, both W 3 {M) and w± (M) vanish. 

Conversely, suppose that both W 3 (M) and Wi{M) vanish. Since W 3 (M) — 
(3w2(M) = 0, there exists a cohomology class e G H 2 (M;Z Wl ( M - ) ) whose modulo 
two reduction coincides with W2(M). Then we see easily that there exists a 2- 
plane bundle r\ over M with 101(77) = w\{M) such that its Euler class e(rf) £ 
H 2 (M\1j Wi ( M )) coincides with e. 

In order to show that there exists a fiberwise epimorphism TM © e 1 — >• e 3 , it 
suffices to show that TM © e 1 = r\ © e 3 . For this, we have only to show that 
£ = 7? © Km is trivial, where vm is the normal bundle of an embedding of M into a 
Euclidean space of sufficiently big dimension. 

By our construction, it is easy to see that both wi(£) and 102(C) vanish. There- 
fore, £ has a trivialization over the 3-skeleton of M. It is known (see [20] P- 2]) that 
the principal SCvbundle over M associated to £ is simple. Hence, the obstruction to 
extending the trivialization over the whole of M is an element in H 4 (M; 7r 3 (S0 5 )), 
which, in view of the isomorphism 

H\M- ^ 3 (S0 5 )) H 4 (M;tt 3 (V 2 , 5 )), 

can be interpreted as the obstruction to the existence of a 2-frame for £. In other 
words, the obstruction coincides with Wi(t;) = wa(M). 

Alternatively, we can use a result of [7] to show that £ is trivial. 

Corollary 5.4. Let g : M —> R 3 be a stable map of a closed connected A-manifold 
M such that the singular set S(g) is orientable. Then there exists a tame fold map 
ofM into M 3 . 

Proof. By an argument as in Remark 15.31 we see that both W 3 (M) and Wi(M) 
vanish. Then the result follows from Theorem 15. II □ 

Remark 5.5. By Randall [31] Corollary 3.7] (see also [24J [30]), a closed connected 
non-orientable 4- manifold M satisfies span(Af) > 2 if and only if W 3 (M) = and 
its Euler characteristic vanishes. 

Remark 5.6. In [36], the second author constructed a fold map / : M — > M 3 of 
the total space M of an EP 2 -bundle over M.P 2 . Note that 11)4 (M) does not vanish 
and that this fold map is not tame. This means that the vanishing of 1U4 is not 
necessary for the existence of a fold map. 

Remark 5.7. Suppose that a closed non-orientable 4-manifold M admits a fold map 
into R 4 . Then we have span°(M) > 3, and therefore M admits a tame fold map 
into R 3 by Corollary 12.41 This observation is easily seen to be consistent with 
Corollary [23] and Theorem 15. II 

Remark 5.8. We do not know if W3 or W4 can be interpreted as a certain Thorn 
polynomial for some singularities. 

As to fold maps of 6-dimensional manifolds into R 3 , we have the following. 

Theorem 5.9. Let M be a closed 6-dimensional manifold. If M is orientable. 
then there always exists a tame fold map f : M —t R 3 . If M is non-orientable and 
W 5 (M) = in H 5 (M; Z Wi (m))> then there exists a tame fold map f : M — > R 3 . 

Proof. When M is orientable, according to [51] , the span of the 7-dimensional 
manifold M x S 1 satisfies span(M xS 1 ) > 3. This implies span°(M) > 2 by 
Remark 12.51 Therefore, by Corollary 12.41 we have the desired conclusion. 
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When M is non- orientable, span(M x S 1 ) > 3 if W 5 (M x S 1 ) vanishes. Thus 
we have the desired conclusion. □ 

Remark 5.10. In |42j . a slightly weaker version of the above theorem is given. 

Remark 5.11. For n > 5, the existence problem of fold maps into K 3 for closed n- 
dimensional manifolds has been almost completely solved by the first and the third 
authors. In |42j . when n is odd, it is proved that a closed n-dimensional manifold 
M admits a fold map into R 3 if and only if w n -i(M) = 0. Note that w n -i(M) 
coincides with the Thorn polynomial for cusp singularities. On the other hand, in 
|35j . it is proved that a closed orientable n-dimensional manifold always admits a 
fold map into R 3 when n is even and n > 8. For n = 6, see Theorem 15.91 

6. Appendix 

In this section we prove claims made in the beginning of and in Remark 13.21 
These assertions might be folklore, but as we could not find them in the literature, 
we decided to include them in this paper as Appendix. 

In this section we continue to use notations introduced in Remark l3.2l 
To begin with let us identify the first two Postnikov invariants of the obvious 
fibration p: 

Vi, s — > BSOi -A BS0 5 . 
The first one is known to be the classical obstruction class W2- Consequently, 
the space in the second stage of the Postnikov decomposition of p is nothing but 
BSpin 5 . The next nontrivial Postnikov class is in degree 4 as ^2(^5) = 0, while 
13(^,5) = Z. Since if*(BSOi;Z) = 0, we conclude that the second Postnikov 
invariant is a generator z of 7? 4 (BSpin 5 ; Z) = Z, which is known to coincide up to 
sign with half of the first Pontrjagin class of the universal spin bundle [46] . Let 
us also observe that since z is not divisible by two, its reduction modulo 2 is the 
unique non-trivial element IU4 in 7f 4 (BSpin 5 ; Z2). 

Lemma 6.1. The group iJ 4 (BPiii5;Z) is isomorphic to Z © Z2. It is generated 
by a class z with r*p\ = 2z, and y = r*(/3wi) 2 . The transgression of q takes the 
fundamental class of F to ±z. 

Proof. Let us consider the fibration Jf(Z2,l) — > BPhis — — ► BO5. It is known 
[5], [13] that the group H 4 (B0 5 ;Z) = Z © Z 2 © Z 2 is generated by pi,(/3wi) 2 
and fi{w\W2)- Since H*(K(Z2, 1); Q) = 0, the Serre exact sequence implies that r 
induces an isomorphism of rational cohomology groups 

ir(BPin 5 ;<Q) -ff 4 (B0 5 ;Q) 

for all i. In particular, the class x = r*pi in _ff 4 (BPhi5;Z) is of infinite order. On 
the other hand, the map q* takes y = r*(/3wi) 2 to {(iwi) 2 £ iJ 4 (BOi;Z). Hence 
t/ / 0. Consequently, _ff 4 (BPhi5;Z) contains an element of infinite order and an 
element of order two. 

Let us consider, now, the fibration F -> BOi BPin 5 . We have H l {F;1) = 
H 2 (F; Z) = 0, H 3 (F; Z) = Z, iJ 4 (BOi; Z) = Z 2 and the exact sequence 

(6.1) — ► H 3 (F; Z) i7 4 (BPin 5 ; Z) — > — > 0, 

where r is the transgression. Let us recall that H 3 (F\1i) = Z and the group 
i/ 4 (BPhi5;Z) contains an element of infinite order and an element of order two. 
Hence, from the exact sequence (|6.ip . it follows that the group is not zero. 
On the other hand, we observe that the group E^f is a term of the Serre spectral 
sequence associated with the fibration q. Consequently, by the Serre Theorem 
(e.g, see [HJ Theorem 1.14(b)]), the group E^ is isomorphic to a subgroup of 
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-ff 4 (BOi;Z) = Z2. Hence = Z2. Since i? 4 (BPhi5;Z) contains an element 

of order two, the exact sequence (16.11) implies now that i? 4 (BPin5;Z) = Z © Z2 
with the first factor generated by the image z of the fundamental class of F by the 
transgression. Let y stand for r* ((3wi) 2 , which is the unique element of order two in 
H 4 (BPm^; Z). Then, for some integer n, the class r*p\ has the form nz + ay, where 
a equals or 1. The classes r*p\ and z are in the kernel of the homomorphism q* , 
while q*y is the generator of £f 4 (BOi; Z). Hence a = and r*p\ is a multiple of z. 

There is a map of the Postnikov decomposition of BSOi — > BSO5 into the 
Postnikov decomposition of BOi — » BO5. Such a map takes the class z to the class 
z. Hence r*p\ — ±2z (see the argument just before Lemma 6.1). If necessary, we 
may substitute z by — z so that we have 2z — r*p\. □ 

Next we determine the reduction modulo two of the class z. 

Lemma 6.2. The homomorphism of cohomology groups associated with the homo- 
morphism Z m .2^ 2 2,2 takes z to the class W4(r*j), where 7 is the universal 5-plane 
bundle over BO5. 

Proof. The bundle r*j is the universal pin vector bundle, while the class z is the 
obstruction to extending the universal pin structure of r*j to a 4-frame of r*j over 
a 4-skeleton of BPins. Since ^2(^5) = 0, there is an extension of the universal 
pin structure to a 4-frame over a 3-skeleton of BPhi5. Furthermore, by [20, p. 2], 
the action of -^(BPins) on ^(BPins) is trivial. Hence, the class z is the classical 
obstruction, z G _ff 4 (BPhi5; ^3(14,5))- Furthermore, the modulo two reduction 
homomorphism is associated to the obvious homomorphism 

^3(^4,5) — > ^3(^2,5)- 

Hence, it takes the class z to the obstruction to the existence of a 2-frame of r*j 
over the 4-skeleton of BPin 5 , i.e., to the class w±(r*^). □ 
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